Percolation of particle arrays is of high interest in microstructural design of materials. While there have been numerous contributions to theoretical modeling of percolation in particulate systems, no analytical approximation for the generalized problem of variable aspect-ratio ellipses has been reported. In the present work, we ͑1͒ derive, and verify through simulation, an analytical percolation approach capable of identifying the percolation point in two-phase materials containing generalized ellipses of uniform shape and size; and ͑2͒ explore the dependence of percolation on the particle aspect ratio. We validate our technique with simulations tracking both cluster sizes and percolation status, in networks of elliptical and circular particles. We also outline the steps needed to extend our approach to three-dimensional particles ͑ellipsoids͒. For biological materials, we ultimately aim to provide direct insight into the contribution of each single phase in multiphase tissues to mechanical or conductive properties. For engineered materials, we aim to provide insight into the minimum amount of a particular phase needed to strongly influence properties.
I. INTRODUCTION
The determination of minimum amounts of phases required for percolation is a key first step, for example, in designing materials for mechanical ͓1-3͔, filtration ͓4 -6͔, and conductive ͓7-9͔ properties. Percolation concepts have also been used, at a systems level, to model disease transmission ͓10-13͔ and to design sensor arrays ͓14 -16͔. Mathematically, general percolation processes and phenomena have been studied since the early part of the last century via development of exact solutions for the percolation of particles in a finite or infinite field, and through Monte Carlo simulations of percolation of particles.
Two primary means of estimating percolation points have been used extensively. One general methodology involves the use of Monte Carlo simulations to assign particle placements in a given field, for a number of ''realizations.'' The resulting fraction of percolated cases is then used as the probability of percolation. The other general methodology involves performing a series expansion of an expression for mean cluster size or other statistical parameter in order to study the convergence properties of a series ͓17,18͔. This ''series expansion method'' has been widely used as a powerful tool to study both lattice percolation and continuum percolation problems. It has been widely presumed, in fact, that such solutions to percolation problems are derivable only for a few special cases of ordered arrays of bonds and sites, or arrays of circular particles ͓19,20͔. Percolation phenomena in other particle networks, e.g., arrays of fibers, have been investigated primarily using numerical models for specific cases ͑e.g., fiber aspect ratios, L/D).
Our present interests center on the design of heterogeneous materials containing various shapes of particles, including fibers, which we can view generally as high aspectratio elliptical or ellipsoidal particles. The fact that higher aspect ratio phases percolate at lower volume or area fractions than lower aspect ratio phases has been well documented. In early work, Kirkpatrick's simulations ͓21͔ showed that the percolation threshold c , i.e., the density or volume fraction of the fiber phases at percolation onset, exhibited a power law dependence upon bond fraction , expressible as
This power law relation was also found to hold for conductivity in fiber arrays, near the percolation point. Pike and Seager ͓22͔ also examined conduction and percolation phenomena in stick networks ͑among others͒, using twodimensional ͑2D͒ and three-dimensional ͑3D͒ Monte Carlo simulations; the effects of hard core interactions, probabilistic and deterministic bonding parameters, and various forms for the bonding function were specifically investigated. Here we derive, and verify through simulation, an analytical percolation technique allowing the approximation of the percolation point in arrays of generalized ellipses, of uniform shape and size. For biological materials, we ultimately aim to provide direct insight into the contribution of each single phase in multiphase tissues to mechanical or conductive properties; this insight may ultimately be useful for validating selection hypotheses involving particular types or morphologies of tissue ͓23͔. For engineered materials, we aim to provide insight into the minimum amount of a particular phase needed to strongly influence overall properties; this will probably be useful in the design of materials, e.g., the determination of the amount of additives needed for significant improvement of conductivity in composite media. We validate our solution using Monte Carlo simulations, and also using prior analytical techniques for circular particles ͑the simplest case in the present theoretical development͒.
II. BACKGROUND

A. Conduction, conductive additives, and percolation
The technological importance of design near the percolation point cannot be overstated; selection of minimum amounts of additive phases reduces, cost, mass, and allows a greater choice of manufacturing approach. Sastry and coworkers ͓1,2,7,8, present work͔ have extensively investigated transport in stochastic fibrous networks through simulation and closed-form semiempirical approaches.
Aspect ratio, conduction, and percolation
A number of specific results were obtained for materials relevant to battery technologies, wherein fibers of aspect ratio of 50:1 and 100:1 were examined for their conductive properties ͓7͔. For example, at lower volume fractions ͑2-10%͒ a significant advantage was found for use of high aspect-ratio fibers as conductive elements. For example, with no additional conductive mass, a fourfold increase in the aspect ratio ͑the ratio of fiber length L to diameter D͒ resulted in a 50-fold improvement in conductivity, at 5% volume fraction. Comparisons between two fiber types, having two different lengths relative to the simulation domain edge
showed that the effective conductivity and variance in conductivity are both relatively insensitive to the alteration of staple length ͓7͔ in that regime of ''window'' sizes, or the relative length of the simulation domain edge to the particle size.
Property variance near the percolation point
As discussed, semiempirical models of percolation in complex particle arrays can be used to deterministically predict a single-valued conductivity at a given particle density, though the variance in conductivity of real or simulated arrays near the percolation point can be quite high ͓8͔. The effect of the staple aspect ratio on variances in simulated effective conductivities was previously investigated using direct simulations of conduction in fiber arrays, with fibers of aspect ratio L/Dϭ10 and 100, respectively (L/L u ϭ1.5 in both cases͒ ͓8͔. Variances were approximately 20 times greater in the former case, demonstrating that the variances were strongly influenced by fiber shape. Therefore, not only can significant improvements in conductivity be achieved with modest changes in fiber geometry, but variances can be much better controlled.
Comparison: Recent simulations with semiempirical approaches
Semiempirical approaches generally underestimate the conductivity of fiber arrays ͓21,24͔, as calculated from an exact resistor network approach. The percolation threshold for fibers of aspect ratios ϳ100 is around 4.2% ͓25,26͔ ͑and also confirmed by experimental observations, e.g., ͓27͔͒. Percolation models are not valid below that point, though some low-density networks will percolate, with high variance in properties below the percolation point.
Clearly, simulations allow direct determination percolative properties of specific types of fiber arrays. Insight into the advantage of intermediate aspect ratio particles, for the full range between circles and high aspect ratio fibers, would be of high technological significance. Thus, we begin again with the problem of percolation in arrays of circles, and extend the analytical result to ellipses; the aim is to span the understandings gained from analytical approaches in circular arrays, and direct simulation in fiber arrays, so that variance in percolation, and dependence upon aspect ratio, can be better explored analytically.
B. Estimation of the percolation point: Circular particles
The earliest investigation of this problem is attributable to Hann and Zwanzig ͓28͔, who used a power series in number density to systematically study the distribution of cluster size for overlapping circles and squares in two dimensions, as well as spheres and cubes in three dimensions. Coniglio et al. ͓17,18͔ developed a general formalism to obtain a closed form series expansion of the average number of clusters of particles. That work followed Hill's initial efforts ͓29͔ studying physical clusters with a diagrammatic expansion, to determine correlation functions. Similar expressions have also been reported using graph theory ͓28͔ and the continuum Potts model ͑CPM͒ ͓30͔. In this section we briefly reiterate the approach of the earlier workers ͓31-33͔ for determination of the percolation threshold for arrays of spatially uncorrelated, 2D circles.
Assuming circles are positioned at ͕r 1 ,r 2 ,...,r k ͖ respectively, we define the function g(r i ,r j ) as the probability that two circles positioned at r i , r j are connected, by closing the edge ͕r i ,r j ͖. We define graph G as a cluster formed by connecting each points (r i ,r j ) in ͕r 1 ,r 2 ,...,r k ͖ to the group; an illustration of the connected graph concept is given as Fig. 1 . We find by the arrival method ͓31,43͔ that the number of possible ways to connect k particles is
or equivalently, 
͑4͒
There are four possible ways to connect three particles, and 38 ways to connect four particles ͑Hill ͓29͔͒. This result can be used to verify Eq. ͑4͒. We define function g 1 as the probability that a circle centered at r is connected to the graph G, which is formed by closing edges (r i ,r j ) in ͕r 1 ,r 2 ,...,r k ͖. That is, g 1 ͑ r;r ͗k͘ ͒ϭg 1 ͑ r;r 1 ,r 2 ,...,r k ͒ϭ1Ϫ ͟ jϭ1 k ͓1Ϫg͑ r,r j ͔͒.
͑5͒
We define g 2 as the probability that the graph G is connected, per
where the summation is taken over all connected graphs A on ͕r 1 ,r 2 ,...,r k ͖. The first product is over all edges in A; the second product is over all edges located in BϭGϪA.
We use the customary definition of a cluster, i.e., a cluster is an isolated group of particles in which there exists at least one unblocked path between any two member particles. Using this definition, and the definitions of functions g 1 and g 2 , Penrose ͓33͔ independently derived an integral expression for the probability that an arbitrary Poisson particle lies in a cluster consisting of k particles ͑or equivalently, a formula for the density of such clusters͒, using the conventional theory of statistics.
A brief description of Penrose's technique follows. Assuming that the first particle r 1 is fixed at the origin of the coordinate system, the probability that k particles are found in small regions around points ͕r 2 ,...,r k ͖ is given by ds 2 ds 3 ...ds k ϭ kϪ1 ds 2 ds 3¯d s k , ͑7͒
where is particle density and s is area. The probability that these k particles form a cluster is
From the theory of statistics, the probability that no Poisson point is bonded to any of ͕r 1 ,r 2 ,...,r k ͖ ͑i.e., the probability that the cluster is isolated͒ can be expressed as e Ϫ͐g 1 ͑ r;r ͗k͘ ͒ds . ͑9͒
A combination of these expressions yields the probability that an arbitrary Poisson particle lies in a cluster consisting of k particles as
Ϫ͐g 1 ͑ r;r ͗k͘ ͒ds g 2 ͑ r ͗k͘ ͒,
͑10͒
where the factorial term reflects the interchangeability of the particle positions within the cluster. The above equation is equivalent to the expression proposed by Penrose ͓33͔.
The percolation threshold can be evaluated after expanding the expression for mean cluster size, in a series. The convergence properties of the series can then be determined as functions of bonding criteria. Quintanilla and Torquato ͓31,32͔ used Penrose's integral expression ͓33͔ to evaluate cluster properties for arrays of circles, and obtained power series expansions for cluster properties to estimate percolation threshold. We define ''mean cluster density'' n k as the particle-averaged number of clusters containing k particles, and n k can be written
͑11͒
or alternatively expressed in Taylor series expansion following the approach of Quintanilla and Torquato ͓31,32͔ as
The evaluation of each coefficient in the series in Eq. ͑12͒ requires the same amount of computational effort as the direct computation of n k via Eq. ͑11͒. The coefficients can be used to obtain the low density expansions of the cluster statistics, including mean cluster size S and average cluster number Q, via
where coefficients b i and a i are related as The percolation thresholds can be estimated by checking the convergence criteria of the power series of the above cluster statistics. This can be done efficiently using the Pad approximants ͓34͔, in which the power series is approximated as a ratio of two series, with the denominator being a series of order one. For example, we can obtain
The percolation threshold is reached when the series S diverges. Therefore,
III. METHODS
A. Approximation of the analytical solution
Integral expression for the problem of oriented particles
Penrose's formula for the density of clusters was derived in the context of Poisson points. In fact, the formula can be extended to the more general problem in which particles with a fixed shape are oriented at random angles. To do so, we introduce an additional degree of freedom to the expression for cluster density. For the ellipse problem, in particular, can be defined as the inclination angle of the major axis with respect to the horizon, as shown in Fig. 2 . The integration is thus performed over r(x,y,) instead of r(x,y).
The previous integral equations assumed that particles were identical. However, we can also introduce probability distribution functions for any geometric parameter describing the particles ͑e.g., radii͒, in the integrand, as
where l n is a probability distribution function. Note in this formula that is replaced by *ϭ/, when the integration domain is (0,). For the problem of identical ellipses whose geometric centers are positioned according to Poisson process, we have explicitly
where x i , y i , i are the x position, y position, and orientation angle, respectively, for the ith ellipse, iϭ2,...,k.
Bonding criterion for ellipses
For two circles, the bonding, or overlap, criterion may be written as simply dрR 1 ϩR 2 , where R 1 and R 2 are the radii of the two particles, and d is the distance between their centers. For ellipses, the connection status can be analogously determined by the numerical solution of their combined equations, as
on a particle-by-particle basis. The existence of real solutions implies that the two particles are connected. This method is tractable only for relatively small-scale problems; for practical materials systems, the approach is extremely computationally intensive. In view of this, an alternative method was developed. We assign one of the particles a zero orientation angle, then eliminate one of the unknowns in the governing equations of two ellipses, leading to an equation with a single unknown. The sign of the corresponding function value is then checked within the domain. The two particles are connected if the sign changes at least once throughout the domain or the function has a zero value somewhere. In the case of identical ellipses, an even more efficient algorithm involving a contact function ͓35,36͔ can be introduced to determine whether the ellipses overlap or not: assuming one ellipse is centered at the origin and one is centered at (x 0 ,y 0 ) with relative orientation , the contact function is defined as
where
and
If ⌿ is negative, the two ellipses overlap. The two ellipses overlap if and only if ⌿, H 1 and H 2 are all positive. If ⌿ ϭ0, the two ellipses are tangent. A contact function for differently sized ellipses can also be derived, and will be presented as part of future work. In computer realization, inputs include lengths of the major and minor axes, and orientation angles of each ellipse pair; Eqs. ͑21͒ through ͑23͒ are used to determine if the pair overlap.
The integration method
For the circle problem, evaluation of the integrals requires knowledge of the union area of k circles. Kratky ͓37͔ showed that the area of intersection of four or more circles can be determined via linear combination of the areas of intersection of two or three circles. Using this result, the union volume can also be determined exactly, and n k can be obtained with an excellent accuracy. In the ellipse problem, however, there is no such equivalent and an integrand expression is not available explicitly; the integrals must be evaluated by definition. But we note that the integration domain can be greatly reduced by restricting calculations to the relatively small portion of the space in which particles are connected.
B. Simulation algorithm
In our simulations i identical elliptical particles were placed in a unit cell via random generations of centerpoints (x i ,y i ) and major axis orientations (q i ), restricting centerpoints to those lying in the simulation window. We verified that the extraneous particle ends lying outside the simulation window introduced negligible error in calculated volume fractions.
Determination of cluster properties
The computational algorithm for determining n k follows from the definition of a cluster. For each case, the total number of clusters of size k (kϭ1,2,...) is counted, and n k is then simply the total cluster numbers of size k divided by the total number of particles in the system.
Detection of percolation
A variety of techniques, including the so-called ''burning algorithm,'' or ''forest-fire model,'' for lattice percolations ͓38-40͔ have been developed to determine percolation status of a network. Here, we introduce an analogous algorithm, shown schematically in Fig. 3 . The particles in contact with an arbitrary side of the window are first identified. These particles ͑black circles͒ are assigned to class A. The remainder of the particles in the network ͑white circles͒ are assigned to class B. Connections between classes A and B are then examined. Members of B intersecting members of A are reassigned to class A; the original members of A ͑gray circles͒ are reassigned to class C. The process is repeated until no additional connections are found among members of A and B. A system is percolated if and only if particle class C spans opposite sides of a simulation window. The percolation probability for the network, p, is then simply m/n, where n is the total number of simulations, and m is the number of simulations in which percolation occurred.
C. Validation of analytical approach
Analytical approximations of cluster densities were compared to those obtained by simulations. A standard unit simulation window containing circles of diameter 0.04 were used in the simulations. Good agreements were obtained, with a maximum difference of less than 6% for cluster densities n 1 , n 2 , and n 3 . These results were also compared to those obtained by other researchers, including Quintanilla ͓31,32͔ and Hann ͓28͔; good agreement was observed in both cases as well. Comparisons of percolation thresholds obtained analytically and numerically are presented in Fig. 4 . The agreement is also acceptable, with an error less than 10% of the threshold value.
The error arises from several sources. First, the analytical approach assumes an infinite window size. Second, the simulation results were obtained using a finite number of computer simulations, and thus are themselves statistical quantities. Third, percolation thresholds were analytically estimated by truncating the power series expression, taking the first few terms as an approximation; thus, the numerical FIG. 3 . Schematic depiction of the simulation algorithm for identifying percolation in a stochastic network system. integration required in the analytical approach lead to an unavoidable inaccuracy. Reduction of this error can be obtained by using smaller integration intervals, which, naturally, reduces computational efficiency.
IV. DISCUSSION
Development of improved techniques for the prediction of percolative properties of multiphase materials is critical. Multiphase materials not only are utilized widely in exploiting multiple functionalities in engineered materials, but are also abundant in most functional biomaterials. In biomaterials, multiple phases are physiologically necessary, for example, to simultaneously maintain metabolic function, withstand mechanical loads, and accomplish self-repair. In both natural and engineered materials, the first important task in the analysis of mechanics or transport properties is to determine which phases are ''percolated,'' i.e., form continuous, domain-spanning paths from one boundary of interest to another. In biomaterials, this analysis can help determine which phases may be selected, in an evolutionary context, for their contribution to mechanical properties of a heterogeneous medium ͓41,42͔.
A. Effect of particle aspect ratio
It is well known that particle shape strongly affects cluster statistics and percolation probability in network systems. Figure 5 shows typical simulation results for cluster density in the overlapping circle problem. The error bars are standard deviations for simulations performed at a given volume fraction. At low density, most particles are isolated, and therefore smaller clusters dominate; at high density, however, particles are likely to be interconnected and thus larger clusters dominate. There exists a certain volume fraction f k at which the cluster density is maximized; this volume fraction varies for clusters with different size, for instance, f 1 ϭ0 and f 2 ϭ0.18. Figure 6 shows how the aspect ratio affects the cluster density. As the particle aspect ratio increases, there are more possible ways for particles to connect, thus the number of clusters of size k (kϾ1) increases at low volume fraction, and smaller clusters disappear at high volume fractions. Thus, the curves are shifted to smaller volume fractions with increasing aspect ratio.
In one of our parametric studies of percolation probability, the particle shape was altered such that the area of the particle was held constant for various aspect ratio particles. This study is relevant for applications in which, for example, the conductive mass is limited, but high conductivity is desired, and so acceptable particle shapes must be selected. Our results show that p increases monotonically with volume fraction f, and that the p-f curve appears to shift horizontally with an unchanged slope, as shown in Fig. 7 . This implies that the slope is a function of particle area only, while the position of the p-f curve is related to ␥. That is, we postulate pϭ⌽͑ f ϩ⌫͑␥ ͒, ͒, ͑24͒
where we define the ratio of the major and minor ellipse axes ͑i.e., the aspect ratio͒ as ␥ϭa/b and ϭ1/R; R is the equivalent particle radius, or Rϭͱab. In another parametric study, we studied the effect of particle shape on percolation probability by changing the length of the major axis while the minor axis was held constant; thus, the particle area changed for different aspect ratios. We found that the slope of the p-f curve changed as the aspect ratio changed, as shown in Fig. 8 , consistent with our previous finding that the slope of the p-f curve was a function of the particle area alone.
We must point out that the expressions of function ⌽ and ⌫ require knowledge about the two-point connectedness function ͓43-45͔. In fact, pϭ ͵ ͵ C͑x 1 ,x 2 ͒dx 1 dx 2 ͑25͒ where x 1 and x 2 denote the two boundaries at the direction of percolation. Once the two-point connectedness function C(x 1 ,x 2 ) is known, it is fairly simple to evaluate p. However, the derivation of C is beyond the scope of this research and will be likely discussed in a future paper.
In the case of an infinite domain, the percolation threshold, in terms of volume fraction, is irrelevant to the particle size, and can be expressed as a function of the aspect ratio from the analytical solution. Figure 9 shows how the percolation threshold changes with the aspect ratio, using the series expansion technique. Also shown in Fig. 9 are the simulation results obtained by Xia ͓36͔ for comparison. The two curves show good agreement. ''Mild'' ellipses, with the aspect ratio 1Ͻ␥Ͻ1.4, exhibit percolation thresholds almost exactly those of circles, although the analytical approach suggests that there is some change in the percolation threshold due to ␥ even in these cases.
B. Effect of window size
For an infinite domain, percolation status is binary and deterministic: the network has only one status-percolated or not percolated. For percolated cases, a cluster of infinite size FIG. 7 . Effect of the particle aspect ratio on percolation probability for elliptical arrays. Equivalent particle radius Rϭͱab ϭ0.05. Averaged results for 1000 simulations are shown at each point. FIG. 10. Effect of particle size on percolation probability in elliptical arrays. ϭ1/R, and R represents equivalent particle radius Rϭͱab.
exists somewhere in the network, and the probability of percolation is one. For unpercolated cases, only finite clusters arise, and the probability of percolation is zero.
For a finite domain, however, the percolation status is probabilistic. Figure 10 shows the dependence of the percolation probability on the window size for the uniform circle problem. We studied this problem by varying the circle diameter while maintaining constant window size. The percolation probability P is a function of both and ␥. We find that the slope of the probability curve becomes vertical as the window size increases. When the window size becomes infinitely large, the curve has a sudden jump at f c ϭ0.67 and the percolation probability curve is reduced to a step function at the percolation threshold f c , indicating the system is unconditionally percolated when f у f c and not percolated when f р f c . The effect of particle size ͑or equivalently, the relative window size͒ on mean cluster density was also examined here, with only a slight effect observed. Thus, we conclude that the boundary conditions generally do not have significant effects on statistical cluster properties in terms of mean values, but do alter standard deviations.
